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We study bifurcation diagrams of positive solutions for the p-Laplacian Dirichlet problem{(
ϕp
(
u′(x)
))′ + λ f (u) = 0, −1< x< 1, u(−1) = u(1) = 0,
f (u) = up−1g(u),
where p > 1, ϕp(y) = |y|p−2 y, (ϕp(u′))′ is the one-dimensional p-Laplacian, λ > 0 is a
bifurcation parameter, and g is of Allee effect type. Assuming one suitable condition on g,
we prove that, on the (λ,‖u‖∞)-plane, the bifurcation diagram consists of exactly one
continuous curve with exactly one turning point where the curve turns to the right. Hence
the problem has at most two positive solutions for each λ > 0. More precisely, we are able
to prove the exact multiplicity of positive solutions. We give an application to a p-Laplacian
diffusive logistic equation with predation of Holling type II functional response. To this
logistic equation with multiparameters, more precisely, we give a complete description of
the structure of the bifurcation diagrams.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we study bifurcation diagrams of positive solutions for the p-Laplacian Dirichlet problem{(
ϕp
(
u′(x)
))′ + λ f (u) = 0, −1< x< 1, u(−1) = u(1) = 0,
f (u) = up−1g(u), (1.1)
where p > 1, ϕp(y) = |y|p−2 y, (ϕp(u′))′ is the one-dimensional p-Laplacian, and λ > 0 is a bifurcation parameter. We
mainly consider that there exist two positive numbers A < D such that g ∈ C[0, D] ∩ C2(0, D) and g is of Allee effect
type; that is, g′(u) > 0 on (0, A), g′(u) < 0 on (A, D), g(D) = 0, and g(u) < 0 on (D,∞). By a positive solution to p-
Laplacian problem (1.1), we mean a positive function u ∈ C1[−1,1] with ϕp(u′) ∈ C1[−1,1] satisfying (1.1). Let Z = {x ∈
[−1,1]: u′(x) = 0}. We note that it is easy to show that, if f ∈ C[0,∞) and u is a positive solution of (1.1), then u ∈
C2[−1,1] if 1< p  2 and u ∈ C2([−1,1] − Z) if p > 2. For the proof we refer to Addou [1, Lemma 6].
The solutions of (1.1) are the steady state solutions of a p-Laplacian reaction–diffusion population model in one space
dimension. A typical form of p-Laplacian reaction–diffusion population model equation is
∂u
∂t
= dpu + up−1g(u), (1.2)
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where p > 1, u(x, t) is the population density, d > 0 is the diffusion constant, pu = div(|∇u|p−2∇u) is the p-Laplacian of
u with respect to the variable x, and f = up−1g(u) is the growth rate. Note that, when p = 2, g(u) = f (u)/u is the growth
rate per capita. When p = 2, the p-Laplacian becomes the usual Laplacian and problem (1.2) has been studied intensively.
We refer to the work of McCabe, Leach and Needham [24], Shi and Shivaji [28], Wang and Kot [33], and Xin [36] and the
references therein. This paper is mainly motivated by Shi and Shivaji [28]. In the case when p 	= 2, p appears in numerous
situations. For example, in the context of reaction–diffusions, Murray [25] suggested using diffusion of the form p in the
study of diffusion–kinetic enzymes problems. See Díaz [12] for other reference. Problem (1.2) and the steady-state problem
of it, associated with the p-Laplacian, have commanded growing interest, see, e.g., [3,4,7,13,15,22,26,27].
The ecology model, as given in (1.2), was ﬁrst consider by Skellam [30] when p = 2 (Laplacian case) with g(u) replaced
by g(x,u) = m(x) − b(x)u of logistic type. When p = 2, a more general logistic type can be characterized by a declining
growth rate per capita function, that is, g(u) is decreasing with respect to u. However it has been increasingly recognized
by population ecologists that the growth rate per capita may achieve its peak at a positive density, which is called an Allee
effect (see Allee [6], Dennis [11], Lande et al. [20], Stephens et al. [31]). Allee effects have been reported in many natural
populations, including plants (e.g. [14]), marine invertebrates (e.g. [32]), insects (e.g. [18]), birds, and mammals (e.g. [10]).
Very recently, Courchamp, Berec and Gascoigne [9] provides a broad intellectual grounding and literature review on Allee
effect.
For (1.2), if g(u) is negative when u is small, we call such a growth pattern a strong Allee effect; if g(u) is smaller
than the maximum but still positive for small u, we call it a weak Allee effect (see [5,28,29,33] for p = 2 for details). More
precisely, we assume that g(u) can take one of the following forms:
(a) Logistic type. 0< g(0) < ∞, g′(u) < 0 on (0, D), g(D) = 0, and g(u) < 0 on (D,∞) for some positive number D .
(b) Weak Allee effect type. g(0) 0, g′(u) > 0 on (0, A), g′(u) < 0 on (A, D), g(D) = 0, and g(u) < 0 on (D,∞) for some
positive numbers A < D .
(c) Strong Allee effect type. g(0) < 0, g′(u) > 0 on (0, A), g′(u) < 0 on (A, D), g(D) = 0, and g(u) < 0 on (D,∞) for some
positive numbers A < D .
Let F (u) ≡ ∫ u0 f (t)dt . If g is of strong Allee effect type and F (D) > 0, then there exists a unique γ ∈ (0, D) such that
F (u)
{
< 0 if u ∈ (0, γ ),
= 0 if u = γ ,
> 0 if u ∈ (γ , D].
(1.3)
Note that, if g is of strong Allee effect type and F (D) 0, it is well known that (1.1) has no positive solution for any λ > 0.
In Clark [8], a strong Allee effect is termed a critical depensation and a weak Allee effect is termed a noncritical depensation.
A strong Allee effect introduces a population threshold (cf. Fig. 3 below). The population must surpass this threshold in order
to grow. In contrast, a population with a weak Allee effect does not have a threshold (cf. Fig. 2 below). Many researchers
assume that all Allee effects are strong Allee effects, but population ecologists have started to realize that Allee effects may
be weak or strong (see Wang and Kot [33], Wang et al. [34]).
In the present paper we study p-Laplacian problem (1.1) with both weak and strong Allee effect types g . Note that, if g
is of logistic type, it is known that the bifurcation diagram of positive solutions of (1.1) consists of exactly one curve which
is monotone on the (λ,‖u‖∞)-plane (see Fig. 1) since f satisﬁes (p − 1) f (u) − u f ′(u) = −up g′(u) > 0 on (0, D). See also
Shi and Shivaji [28, Theorem 2] for results of n-dimensional Dirichlet problem of (1.1) when p = 2.
When p = 2, for the n-dimensional Dirichlet problem of (1.1) with g(u) replaced by g(x,u) being of weak Allee effect
type (see [28, p. 809]), Shi and Shivaji [28, Theorem 3] proved that, on the (λ,‖u‖∞)-plane, the bifurcation diagram of
positive solutions consists of exactly one curve with at least one turning point where the curve turns to the right. In addition
to multiplicity result of positive steady-state solutions, they proved the positive steady-state distributions and dynamical
behavior of reaction–diffusion equation (1.2).
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In Theorem 2.1 below, assuming one suitable condition (C1) stated below on the weak or strong Allee effect type non-
linearity g , we prove that, on the (λ,‖u‖∞)-plane, the bifurcation diagram of positive solutions of (1.1) consists of exactly
one curve with exactly one turning point where the curve turns to the right, see Figs. 2 and 3. Hence (1.1) has at most two
positive solutions for each λ > 0. More precisely, we are able to determine the exact multiplicity of positive solutions of
(1.1) for all λ > 0.
Our application to Theorem 2.1 is the p-Laplacian diffusive logistic equation with predation of Holling type II functional
response⎧⎪⎨
⎪⎩
(
ϕp
(
u′(x)
))′ + λ f (u) = 0, −1< x< 1, u(−1) = u(1) = 0,
f (u) = up−1g(u) = up−1
(
k − u − 1
1+mu
)
, k,m > 0,
(1.4)
where g(u) is of weak or strong Allee effect type for some range of m > 1 (see Proposition 4.1 stated later for details).
Problem (1.4) arises in the mathematical modeling in biology.
For p = 2, n-dimensional Dirichlet problem of (1.4) has been studied as a population model, in which λ−1 is the
(rescaled) diffusion rate, k is the (rescaled) maximum growth rate per capita, and m is the (rescaled) prey handling time
(see [28, p. 820] for details). Shi and Shivaji [28, Theorem 8, part 2] proved that, when p = 2, for n-dimensional Dirichlet
problem of (1.4) in a connected smooth bounded domain Ω in Rn (n  1), there exist λ∗ , λˆ such that 0 < λ∗ < λˆ, and the
problem has no positive solution for 0 < λ < λ∗ , has at least one positive solution for λ = λ∗ and λ  λˆ, has at least two
positive solutions for λ∗ < λ < λˆ (see Fig. 2(i)). Note that, when p = 2, Korman and Shi [17] studied another similar popu-
lation model with weak Allee effect type nonlinearity g(u) = k − u − m1+u for k >m > 1. They proved the exact multiplicity
result on a unit ball in Rn (1 n 4), see [17, Theorem 3.1(ii)] for details.
To p-Laplacian problem (1.4), in Theorem 2.2 with 1 < p  2 and Theorem 2.3 with p > 2 stated below, we give a
complete classiﬁcation of bifurcation diagrams of positive solutions for parameters k,m > 0 (see Figs. 4 and 5 below). More
precisely, we give a complete description of the structure of the bifurcation diagrams.
2. Main results
The main results in this paper are next Theorems 2.1–2.3. First, in Theorem 2.1, assuming one suitable condition (C1)
on the weak or strong Allee effect type nonlinearity g , we prove that, on the (λ,‖u‖∞)-plane, the bifurcation diagram of
positive solutions of (1.1) consists of exactly one curve with exactly one turning point where the curve turns to the right,
see Figs. 2 and 3. Hence (1.1) has at most two positive solutions for each λ > 0. More precisely, we are able to determine
the exact multiplicity of positive solutions of (1.1) for all λ > 0. Note that if u is a positive solution of (1.1), it is easy to
show that 0< ‖u‖∞  D . In addition, ‖u‖∞  γ if g is of strong Allee effect type, see Figs. 2 and 3. Theorem 2.1 improves
and extends Logan [23, Theorem 3.2] and Wang and Kazarinoff [35, Theorem] from p = 2 to p > 1. Note that the other
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conditions to (C1) in Theorem 2.1 are simpliﬁed suﬃcient conditions for (C1), which are easier to check and some of which
are applied in the proofs of our application problems in Theorems 2.2 and 2.3.
Theorem 2.1. (See Figs. 2 and 3.) Let p > 1. Consider (1.1) where g ∈ C[0, D] ∩ C2(0, D), F (D) > 0 and g is of weak or strong Allee
effect type for some positive numbers A < D. Let
θ(u) ≡ pF (u) − u f (u) where F (u) =
u∫
0
f (t)dt. (2.1)
Assume that one of the following conditions holds:
(C1) The (positive) function uθ
′(u)
−θ(u) is nondecreasing on (A, B), where B is the unique positive zero of θ(u) on (0, D).
(C2) (p + 1)g′(u)g(u) + ug′′(u)g(u) − u[g′(u)]2  0 on (A, D).
(C2′) u
p+1g′(u)
g(u) is nonincreasing on (A, D).
(C3) g′(u)g(u) + ug′′(u)g(u) − u[g′(u)]2  0 on (A, D).
(C3′) ug
′(u)
g(u) is nonincreasing on (A, D).
(C3′′) u f
′(u)
f (u) is nonincreasing on (A, D).
(C4) g′′(u)g(u) − [g′(u)]2  0 on (A, D).
(C4′) g
′(u)
g(u) is nonincreasing on (A, D).
(C4′′) g is log-concave ((log g(u))′′  0) on (A, D).
(C5) g is concave (g′′(u) 0) on (A, D).
(C6) (p + 1)g′(u) + ug′′(u) 0 on (A, D).
(C6′) uθ ′(u) is nondecreasing on (A, D).
(C7) pg′(u) + ug′′(u) 0 on (A, D).
(C7′) θ is convex (θ ′′(u) 0) on (A, D).
Then, on the (λ,‖u‖∞)-plane, the bifurcation diagram of positive solutions of (1.1) consists of exactly one continuous curve with
exactly one turning point where the curve turns to the right.
We give next remark to Theorem 2.1.
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(i) We allow that f or g has one or more than one inﬂection points on (A, B).
(ii) We conjecture that the suﬃcient condition (C1) is not necessary.
(iii) When p = 2 (the Laplacian case), we note that [23, Theorem 3.2] follows from Theorem 2.1 with (C5); Wang and
Kazarinoff [35, Theorem] and the exact multiplicity result in Shi and Shivaji [29, Theorem 3] in one-dimensional case
follow from Theorem 2.1 with (C7′).
In next Theorems 2.2 and 2.3, we apply Theorem 2.1 to p-Laplacian problem (1.4). It is easy to see that f (u) = up−1(k−
u − 11+mu ) has a unique positive zero at
D = km − 1+
√
(km − 1)2 + 4m(k − 1)
2m
. (2.2)
Theorems 2.2 and 2.3 improve and extend Shi and Shivaji [28, Theorem 8] in one-dimensional case from p = 2 to p > 1.
More precisely, we give a complete description of the structure of the bifurcation diagrams.
Theorem 2.2. (See Fig. 4.) Consider (1.4) with 1< p  2. Then the following assertions (I) and (II) hold:
(I) If m > 1, then there exists k∗ = k∗(m) ∈ ( 2
√
m−1
m ,1) such that the following assertions (i)–(v) hold:
(i) (See Fig. 2(i).) If k > 1, then g is of weak Allee effect type. There exist λˆ = Cp/(k − 1) and λ∗ ∈ (0, λˆ) such that (1.4) has
exactly two positive solutions uλ , vλ with uλ < vλ for λ∗ < λ < λˆ, exactly one positive solution vλ for λ = λ∗ and λ  λˆ,
and no positive solution for 0< λ < λ∗ . Moreover, lim
λ→λˆ− ‖uλ‖∞ = 0 and limλ→∞ ‖vλ‖∞ = D.
(ii) (See Fig. 2(vi).) If k = 1, then g is of weak Allee effect type. There exists λ∗ > 0 such that (1.4) has exactly two positive
solutions uλ , vλ with uλ < vλ for λ > λ∗ , exactly one positive solution uλ∗ for λ = λ∗ , and no positive solution for 0< λ < λ∗ .
Moreover, limλ→∞ ‖uλ‖∞ = 0 and limλ→∞ ‖vλ‖∞ = D = (m − 1)/m.
(iii) (See Fig. 3(vi).) If k∗ < k < 1, then g is of strong Allee effect type. There exists λ∗ > 0 such that (1.4) has exactly two positive
solutions uλ , vλ with uλ < vλ for λ > λ∗ , exactly one positive solution uλ∗ for λ = λ∗ , and no positive solution for 0< λ < λ∗ .
Moreover, limλ→∞ ‖uλ‖∞ = γ > 0 and limλ→∞ ‖vλ‖∞ = D, where γ is deﬁned in (1.3).
(iv) If 0< k k∗ , then (1.4) has no positive solution for all λ > 0.
(v) k∗(m) is a continuous, strictly decreasing function of m on (1,∞). Moreover, limm→1+ k∗(m) = 1 and limm→∞ k∗(m) = 0.
(II) If 0<m 1, then the following assertions (i) and (ii) hold:
(i) (See Fig. 1(i).) If k > 1, then g is of logistic type. There exists λˆ = Cp/(k − 1) such that (1.4) has exactly one positive solution
uλ for λ > λˆ, and no positive solution for 0< λ λˆ. Moreover, limλ→λˆ+ ‖uλ‖∞ = 0 and limλ→∞ ‖uλ‖∞ = D.
(ii) If 0< k 1, then (1.4) has no positive solution for all λ > 0.
Theorem 2.3. (See Fig. 5.) Consider (1.4) with p > 2. Then the following assertions (I) and (II) hold:
(I) If m > 1, then there exist k∗ = k∗(m) ∈ (1, (p + 1)/p) and k∗ = k∗(m) ∈ ( 2
√
m−1
m ,1) such that the following assertions (i)–(v)
hold:
(i) If k > 1, then g is of weak Allee effect type. There exist λˆ = λˆ(k) = Cp/(k − 1) and λ¯ = λ¯(k) ∈ (0,∞) such that:
(a) (See Fig. 2(ii).) If k > k∗ , then 1< λ¯/λˆ < c where
c ≡
(∫ 1
0 [
∫ 1
v s
p−1(1− s)ds]−1/p dv∫ 1
0 [
∫ 1
v s
p−1 ds]−1/p dv
)p
∈ (1,∞), (2.3)
and there exists λ∗ ∈ (0, λˆ) such that (1.4) has exactly two positive solutions uλ , vλ with uλ < vλ for λ∗ <
λ < λˆ, exactly one positive solution vλ for λ = λ∗ and λ  λˆ, and no positive solution for 0 < λ < λ∗ . Moreover,
lim
λ→λˆ− ‖uλ‖∞ = 0, limλ→λ¯− ‖vλ‖∞ = D, ‖vλ‖∞ < D if λ∗  λ < λ¯, and ‖vλ‖∞ = D if λ λ¯.
(b) (See Fig. 2(iii).) If k = k∗ , then λ¯/λˆ = 1 and there exists λ∗ ∈ (0, λˆ) such that (1.4) has exactly two positive solutions
uλ , vλ with uλ < vλ for λ∗ < λ < λˆ, exactly one positive solution vλ for λ = λ∗ and λ λˆ, and no positive solution
for 0< λ < λ∗ . Moreover, lim
λ→λˆ− ‖uλ‖∞ = 0, limλ→λ¯− ‖vλ‖∞ = D, ‖vλ‖∞ < D if λ∗  λ < λ¯, and ‖vλ‖∞ = D if
λ λ¯.
(c) (See Fig. 2(iv).) If 1 < k < k∗ , then (k − 1)/k < λ¯/λˆ < 1 and there exists λ∗ ∈ (0, λ¯) such that (1.4) has exactly two
positive solutions uλ , vλ with uλ < vλ for λ∗ < λ < λˆ, exactly one positive solution vλ for λ = λ∗ and λ λˆ, and no
positive solution for 0 < λ < λ∗ . Moreover, lim
λ→λˆ− ‖uλ‖∞ = 0, limλ→λ¯− ‖vλ‖∞ = D, ‖vλ‖∞ < D if λ∗  λ < λ¯,
and ‖vλ‖∞ = D if λ λ¯.
(d) λˆ(k) = Cp/(k − 1) and λ¯(k) are both continuous, strictly decreasing functions of k on (1,∞). Moreover,
limk→1+ λˆ(k) = ∞, 0< limk→1+ λ¯(k) < ∞, and limk→∞ λˆ(k) = limk→∞ λ¯(k) = 0.
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(e) k∗(m) is a continuous, strictly increasing function of m on (1,∞). Moreover, limm→1+ k∗(m) = 1 and
lim
m→∞k
∗(m) = kˆ = kˆ(p) ≡
[
1−
( ∫ 1
0 [
∫ 1
v s
p−1 ds]−1/p dv∫ 1
0 [
∫ 1
v s
p−1(1− s)ds]−1/p dv
)p]−1
∈ (1, (p + 1)/p). (2.4)
(ii) (See Fig. 2(v).) If k = 1, then g is of weak Allee effect type. There exist 0< λ∗ < λ¯ < ∞ such that (1.4) has exactly two positive
solutions uλ , vλ with uλ < vλ for λ > λ∗ , exactly one positive solution vλ for λ = λ∗ , and no positive solution for 0< λ < λ∗ .
Moreover, limλ→∞ ‖uλ‖∞ = 0, limλ→λ¯− ‖vλ‖∞ = D = (m − 1)/m, ‖vλ‖∞ < D if λ∗  λ < λ¯, and ‖vλ‖∞ = D if λ λ¯.
(iii) (See Fig. 3(ii)–(iv).) If k∗ < k < 1, then g is of strong Allee effect type. There exist λ˜, λ¯ > 0 and λ∗ ∈ (0,min{λ˜, λ¯}) such that
(1.4) has exactly two positive solutions uλ , vλ with uλ < vλ for λ∗ < λ λ˜, exactly one positive solution vλ for λ = λ∗ and
λ > λ˜, and no positive solution for 0 < λ < λ∗ . Moreover, limλ→λ˜− ‖uλ‖∞ = ‖uλ˜‖∞ = γ , limλ→λ¯− ‖vλ‖∞ = D, ‖vλ‖∞ <
D if λ∗  λ < λ¯, and ‖vλ‖∞ = D if λ λ¯.
(iv) If 0< k k∗ , then (1.4) has no positive solution for all λ > 0.
(v) k∗(m) is a continuous, strictly decreasing function of m on (1,∞). Moreover, limm→1+ k∗(m) = 1 and limm→∞ k∗(m) = 0.
(II) If 0<m 1, then the following assertions (i) and (ii) hold:
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(i) (See Fig. 1(ii).) If k > 1, then g is of logistic type. There exist λˆ = Cp/(k − 1) and λ¯ ∈ (λˆ,∞) such that (1.4) has exactly one
positive solution uλ for λ > λˆ, and no positive solution for 0< λ λˆ. Moreover, limλ→λˆ+ ‖uλ‖∞ = 0, limλ→λ¯− ‖uλ‖∞ = D,
‖uλ‖∞ < D if λˆ < λ < λ¯ and ‖uλ‖∞ = D if λ λ¯.
(ii) If 0< k 1, then (1.4) has no positive solution for all λ > 0.
3. Proof of Theorem 2.1
In this section we develop new time mapping techniques to study the shape of the bifurcation diagram of the p-Laplacian
problem (1.1), cf. [23,35]. We ﬁrst recall that F (u) = ∫ u0 f (t)dt . If F (D) > 0, then the time map formula which we apply to
study the p-Laplacian problem (1.1) takes the form as follows:
λ1/p =
(
p − 1
p
)1/p α∫ [
F (α) − F (u)]−1/p du ≡ T (α) for α ∈ I, (3.1)0
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I ≡
{
(0, D) if g is of logistic or weak Allee effect type,
(γ , D) if g is of strong Allee effect type (γ is deﬁned in (1.3)).
The next lemma contains some basic results on the time map formula T (α), in which we determine the limits of T (α). For
p > 1, we let
Cp ≡ (p − 1)
(
π
p
csc
π
p
)p
= (p − 1)
( 1∫
0
(1− v)−1/p dv
)p
= p − 1
p
( 1∫
0
[ 1∫
v
sp−1 ds
]−1/p
dv
)p
. (3.2)
Lemma 3.1. Let p > 1. Consider (1.1). Suppose that there exists a positive number D such that f (u) = up−1g(u) ∈ C[0, D]∩C2(0, D),
and g(u) is of logistic, weak Allee effect or strong Allee effect type. Then the following assertions (i)–(v) hold:
(i) If g is of logistic or weak Allee effect type, then
lim
α→0+
T (α) =
{
(
Cp
g(0) )
1/p if 0< g(0) < ∞,
∞ if g(0) = 0.
(ii) If g is of strong Allee effect type and γ is the positive number deﬁned in (1.3), then
T (γ ) ≡ lim
α→γ+
T (α)
{= ∞ if 1< p  2,
∈ (0,∞) if p > 2, (3.3)
and limα→γ+ T ′(α) = −∞ for all p > 1.
(iii) If
0 lim
u→D−
g(u)
(D − u)p−1 < ∞,
then limα→D− T (α) = ∞.
(iv) If
0< lim
u→D−
g(u)
(D − u)p−1(log 1D−u )η
∞ for some η > p, (3.4)
then limα→D− T (α) ∈ (0,∞).
(v) If limα→D− T (α) ∈ (0,∞), then
lim
α→D−
T (α) =
(
p − 1
p
)1/p 1∫
0
[ 1∫
v
sp−1g(Ds)ds
]−1/p
dv
=
(
p − 1
p
)1/p D∫
0
[
F (D) − F (u)]−1/p du ≡ T (D). (3.5)
Lemma 3.1(i) and (iii) are slight generalization of [19, Theorems 2.6, 2.9 and 2.10] from p = 2 to p > 1, and consequently,
we omit the proofs. Lemma 3.1(iv) follows from [21, Theorem 5.2] after slight modiﬁcation. The proofs of Lemma 3.1(ii) and
(v) are easy but tedious; we omit them. Note that condition (3.4) implies that f does not satisfy a Lipschitz condition of
order p − 1 at D− .
We deﬁne
λˆ =
{
(limα→0+ T (α))p = Cpg(0) if 0< g(0) < ∞,
∞ if g(0) = 0, (3.6)
λ˜ =
{
(limα→γ+ T (α))p if 0< limα→γ+ T (α) < ∞,
∞ if lim + T (α) = ∞, (3.7)α→γ
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and
λ¯ =
{
(limα→D− T (α))p if 0< limα→D− T (α) < ∞,
∞ if limα→D− T (α) = ∞. (3.8)
To the time map formulas T (α) in (3.1) and (3.3), any positive solutions of (1.1) satisfying ‖u‖∞ < D correspond to
‖u‖∞ = α and T (α) = λ1/p. (3.9)
In addition, if T (D) ∈ (0,∞), then there exists a unique positive solution vλ of (1.1) satisfying ‖vλ‖∞ = D with ﬂat core
Oλ =Oλ(vλ) ≡ {x ∈ Ω | vλ(x) = 1} 	= ∅ for each λ λ¯. For the explicit construction of solutions vλ with ﬂat core Oλ(vλ) 	= ∅
for each λ λ¯, we refer to Addou and Wang [2, p. 131]. Thus studying the exact number of positive solutions u of (1.1) is
equivalent to studying the shape of the time map T (α) for all α ∈ (0, D] such that T (α) ∈ (0,∞).
To prove Theorem 2.1, we need the following lemma.
Lemma 3.2. Let p > 1. Consider (1.1) where g ∈ C[0, D] ∩ C2(0, D) and g is of weak (resp. strong) Allee effect type for some positive
numbers A < D. Assume that g satisﬁes (C1) and F (D) > 0, then T (α) has exactly one critical point, a minimum, on (0, D) (resp.
(γ , D)).
Proof. We only prove the weak Allee effect case; the proof of strong Allee effect case is similar and hence we omit it.
First, we prove that T (α) has at least one critical point, a minimum, on (0, D). For T (α) in (3.1), we compute that
T ′(α) =
(
p − 1
pp+1
)1/p 1
α
α∫
0
θ
(F )(p+1)/p
du (3.10)
and
T ′′(α) =
(
p − 1
pp+1
)1/p 1
α2
α∫
0
− p+1p (θ)( f˜ ) + F (θ˜ ′)
(F )(2p+1)/p
du, (3.11)
where F = F (α)− F (u), θ = θ(α)− θ(u),  f˜ = α f (α)− u f (u), and θ˜ ′ = αθ ′(α)− uθ ′(u), see [16, Eqs. (3.4) and (3.5)].
By (2.1) θ(u) = pF (u) − u f (u), we have
θ ′(u) = (p − 1) f (u) − u f ′(u) = −up g′(u) (3.12)
and
θ ′′(u) = (p − 2) f ′(u) − u f ′′(u) = −up−1(pg′(u) + ug′′(u)). (3.13)
Thus θ(0) = 0 and θ(D) > 0, and{
θ ′(u) < 0 on (0, A),
θ ′(u) > 0 on (A, D) (3.14)
since g is of weak Allee effect type. So there exists B ∈ (A, D) such that{
θ(u) < 0 on (0, B),
θ(B) = 0,
θ(u) > 0 on (B, D).
(3.15)
The graph of θ(u) is depicted in Fig. 6(i).
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T ′(α) < 0 for α ∈ (0, A],
T ′(α) > 0 for α ∈ [B, D).
Thus T (α) has at least one critical point, a local minimum, on (A, B). And hence T (α) has at least one critical point, a local
minimum, on (0, D).
Secondly, we show that T (α) has at most one critical point, a local minimum, on (A, B). Consider the positive function
Nu = uθ
′(u)
−θ(u) for u ∈ (A, B).
Then, for any ﬁxed α ∈ (A, B), by (3.10) and (3.11), we compute that
T ′′(α) + p + 1+ Nα
α
T ′(α) =
(
p − 1
pp+1
)1/p 1
α2
α∫
0
p+1
p (θ)
2 + F (ψα(α) − ψα(u))
(F )(2p+1)/p
du

(
p − 1
pp+1
)1/p 1
α2
α∫
0
ψα(α) − ψα(u)
(F )(p+1)/p
du, (3.16)
where ψα(u) = uθ ′(u) + Nαθ(u). We have⎧⎪⎪⎨
⎪⎪⎩
ψα(0) = 0,
ψα(A) = Nα · θ(A) < 0,
ψα(α) = αθ ′(α) + Nαθ(α) = 0,
ψα(u) = uθ ′(u) + Nαθ(u) < 0 on (0, A).
In addition, condition (C1) implies
uθ ′(u)
−θ(u) 
αθ ′(α)
−θ(α) = Nα for all u ∈ (A,α) ⊂ (A, B),
and hence
ψα(u) = uθ ′(u) + Nαθ(u) 0 on (A,α).
Thus we have{
ψα(α) > ψα(u) for u ∈ (0, A],
ψα(α)ψα(u) for u ∈ (A,α). (3.17)
The graph of ψα(u) for ﬁxed α ∈ (A, B) is depicted in Fig. 6(ii).
So by (3.16) and (3.17), we obtain
T ′′(α) + p + 1+ Nα
α
T ′(α)
(
p − 1
pp+1
)1/p 1
α2
α∫
0
ψα(α) − ψα(u)
(F )(p+1)/p
du > 0 for all α ∈ (A, B). (3.18)
Thus, if α∗ is a critical point of T (α) on (A, B), then T ′′(α∗) > 0 and hence T (α∗) must be a local minimum. So T (α) has
at most one critical point, a local minimum, on (A, B).
Finally, by the above analysis, we conclude that T (α) has exactly one critical point, a minimum, on (0, D). This completes
the proof of Lemma 3.2. 
We are now in a position to prove Theorem 2.1.
Proof of Theorem 2.1. By (3.9) and Lemma 3.2, we obtain that, on the (λ,‖u‖∞)-plane, the bifurcation diagram of positive
solutions of (1.1) consists of exactly one continuous curve with exactly one turning point where the curve turns to the right
if (C1) holds. Moreover, it is easy to see (C3), (C4), (C5), (C6) and (C7) are all suﬃcient conditions for (C2); (C2) and (C2′)
are equivalent; (C3), (C3′) and (C3′′) are all equivalent; (C4), (C4′) and (C4′′) are all equivalent. In addition, by (3.12) and
(3.13), we know that (C6) and (C6′) are equivalent; (C7) and (C7′) are equivalent. So, to complete the proof, we simply need
to prove (C2) is a suﬃcient condition for (C1). Here we only prove the weak Allee effect case, the proof of strong Allee
effect case is similar.
First we note that θ(u) = pF (u) − up g(u) < 0 on (A, B) and θ ′(u) = −up g′(u) > 0 on (A, B) by (3.14) and (3.15). We
notice that (C1) holds if and only if
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−θ(u) 
−θ ′(u) − uθ ′′(u)
θ ′(u)
for any u ∈ (A, B), (3.19)
since (
uθ ′(u)
−θ(u)
)′
= −θ(u)[θ
′(u) + uθ ′′(u)] + u[θ ′(u)]2
θ2(u)
= θ
′(u)
−θ(u)
[
uθ ′(u)
−θ(u) −
(−θ ′(u) − uθ ′′(u)
θ ′(u)
)]
.
Thus to show (C2) is a suﬃcient condition for (C1), we need only to verify that (C2) implies (3.19), which is equivalent to(
uθ ′(u)
−θ(u) =
) −up+1g′(u)
up g(u) − pF (u) 
(p + 1)g′(u) + ug′′(u)
−g′(u)
(
= −θ
′(u) − uθ ′′(u)
θ ′(u)
)
(3.20)
for any u ∈ (A, B). To show the truth of (3.20) on (A, B), we let
I1 ≡
{
u ∈ (A, B): (p + 1)g′(u) + ug′′(u) 0}
and
I2 ≡
{
u ∈ (A, B): (p + 1)g′(u) + ug′′(u) > 0}.
Case 1. u ∈ I1. In this case,
uθ ′(u)
−θ(u) > 0
(p + 1)g′(u) + ug′′(u)
−g′(u) =
−θ ′(u) − uθ ′′(u)
θ ′(u)
.
Hence (3.20) holds on I1.
Case 2. u ∈ I2. In this case, both functions uθ ′(u)−θ(u) and −θ
′(u)−uθ ′′(u)
θ ′(u) are positive on I2. So (3.20) holds on I2 if and only if
up g(u) − pF (u) u
p+1[g′(u)]2
(p + 1)g′(u) + ug′′(u) . (3.21)
We notice that (3.21) is equivalent to that
pF (u) up g(u) − u
p+1[g′(u)]2
(p + 1)g′(u) + ug′′(u)
= (p + 1)g
′(u)g(u) + ug′′(u)g(u) − u[g′(u)]2
(p + 1)g′(u) + ug′′(u) u
p . (3.22)
By (C2), (3.22) holds for all u ∈ I2, and hence (3.20) holds on I2.
By the above discussions in Cases 1 and 2, we obtain that g satisﬁes (3.19) on (A, B), and hence g satisﬁes (C1). This
completes the proof of Theorem 2.1. 
4. Proofs of Theorems 2.2 and 2.3
To prove Theorems 2.2 and 2.3 for (1.4), we need the following Proposition 4.1 and Lemmas 4.2–4.4. Proposition 4.1
follows from simple algebra and deﬁnitions in Section 1, and hence we omit it. Also, the proofs of Lemmas 4.2–4.4 are easy
but tedious; we omit them.
For any ﬁxed m > 1, let k∗∗ = k∗∗(m) ≡ 2
√
m−1
m ∈ (0,1).
Proposition 4.1. Let p > 1. Consider (1.4), where g(u) = k − u − 11+mu , k,m > 0. Then the following assertions (i)–(iv) hold:
(i) If 0<m 1, k > 1, then g is of logistic type.
(ii) If m > 1, k 1, then g is of weak Allee effect type.
(iii) If m > 1, k∗∗ < k < 1, then g is of strong Allee effect type.
(iv) If 0< k,m 1 or (m > 1 and 0< k k∗∗), then g(u) 0 for all u > 0.
Lemma 4.2. Consider (1.4), where g is of strong Allee effect type (m > 1 and 2
√
m−1
m = k∗∗ < k < 1). Let positive number D = D(k,m)
be deﬁned in (2.2). Then the following assertions (i)–(iii) hold:
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lim
k→k∗∗+
F
(
D(k,m)
)
< 0 and lim
k→1−
F
(
D(k,m)
)
> 0. (4.1)
(ii) For any ﬁxed k ∈ (0,1), F (D(k,m)) is a continuous, strictly increasing function of m on (m0,∞), where m0 = 2−k+2
√
1−k
k2
∈
(1,∞). Moreover,
lim
m→m0+
F
(
D(k,m)
)
< 0 and lim
m→∞ F
(
D(k,m)
)
> 0. (4.2)
(iii) There exists k∗ = k∗(m) ∈ (k∗∗,1) such that k∗(m) is a continuous, strictly decreasing function of m on (1,∞). Moreover,
limm→1+ k∗(m) = 1, limm→∞ k∗(m) = 0, and
F
(
D(k,m)
){> 0 if k ∈ (k∗(m),1),= 0 if k = k∗(m),
< 0 if k ∈ (k∗∗(m),k∗(m)),
for any m > 1. (4.3)
In the next lemma, we apply Lemma 3.1 to determine the limits of T (α) for (1.4).
Lemma 4.3. (See Proposition 4.1.) Let p > 1. Consider (1.4), where g(u) = k− u − 11+mu , k,m > 0. Assume F (D) > 0 where positive
number D = D(k,m) is deﬁned in (2.2). Then the following assertions (i)–(iii) hold:
(i) If g is of logistic or weak Allee effect type, then
lim
α→0+
T (α)
{
= ( Cpk−1 )1/p if k > 1,
= ∞ if k = 1. (4.4)
(ii) If g is of strong Allee effect type and γ is the positive number deﬁned in (1.3), then
T (γ ) ≡ lim
α→γ+
T (α)
{= ∞ if 1< p  2,
∈ (0,∞) if p > 2, (4.5)
and limα→γ+ T ′(α) = −∞ for all p > 1.
(iii)
lim
α→D−
T (α)
{= ∞ if 1< p  2,
∈ (0,∞) if p > 2. (4.6)
When p > 2, for any k,m > 1 (g is of weak Allee effect type), applying (3.5), (4.4) and (4.6), we obtain that
Tk,m(0) ≡ lim
α→0+
T (α) =
(
Cp
k − 1
)1/p
∈ (0,∞) (4.7)
and
Tk,m
(
D(k,m)
)≡ lim
α→D(k,m)−
T (α)
=
(
p − 1
p
)1/p 1∫
0
[ 1∫
v
sp−1g
(
D(k,m)s
)
ds
]−1/p
dv ∈ (0,∞), (4.8)
where
g
(
D(k,m)s
)= k − D(k,m)s − 1
1+mD(k,m)s . (4.9)
Lemma 4.4. Let p > 2. Consider (1.4), where g(u) = k − u − 11+mu , k,m > 1. Then the following assertions (i)–(iii) hold:
(i) For any ﬁxed m > 1, Tk,m(D(k,m))Tk,m(0) is a continuous, strictly increasing function of k on (1,∞). Moreover,
lim
k→1+
Tk,m(D(k,m))
Tk,m(0)
= 0 and 1< lim
k→∞
Tk,m(D(k,m))
Tk,m(0)
= c1/p < ∞,
where c is deﬁned in (2.3).
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0< lim
k→1+
Tk,m
(
D(k,m)
)
< ∞ and lim
k→∞
Tk,m
(
D(k,m)
)= 0.
(iii) For any ﬁxed k > 1, Tk,m(D(k,m))Tk,m(0) is a continuous, strictly decreasing function of m on (1,∞). Moreover,
1< lim
m→1+
Tk,m(D(k,m))
Tk,m(0)
< ∞ and lim
m→∞
Tk,m(D(k,m))
Tk,m(0)
>
(
k − 1
k
)1/p
.
Furthermore,
lim
m→∞
Tk,m(D(k,m))
Tk,m(0)
⎧⎨
⎩
< 1 if k ∈ (1, kˆ),
= 1 if k = kˆ,
> 1 if k ∈ (kˆ,∞),
(4.10)
where kˆ is deﬁned in (2.4).
Now we are in a position to prove Theorems 2.2 and 2.3.
Proof of Theorem 2.2. Proof of Part (I):
Case (i). If m,k > 1, then g is of weak Allee effect type by Proposition 4.1(ii). It is easy to check that there exists a
positive number A = A(k,m) =
√
m−1
m ∈ (0, D) such that
g′(u)
{
> 0 on (0, A),
= 0 when u = A,
< 0 on (A,∞).
We compute that
θ ′′(u) = (p − 2) f ′(u) − u f ′′(u) = up−1(1+mu)−3h(u),
where
h(u) ≡m3pu3 + 3m2pu2 +m(2m + 3p −mp)u − p(m − 1).
Since θ ′(0) = θ ′(A) = 0, θ ′′(u) (and hence h(u)) has a positive zero at some A1 ∈ (0, A) by the Mean Value Theorem. It
is easy to see that h(0) = −p(m − 1) < 0 and h′′(u) = 6(m3pu +m2p) > 0 on (0,∞). So h(u) has exactly one positive zero
at A1 and hence θ ′′(u) has exactly one positive zero at A1 on (0,∞). We have that{
θ ′′(u) < 0 on (0, A1),
θ ′′(A1) = 0,
θ ′′(u) > 0 on (A1, D),
and hence g satisﬁes condition (C7′) in Theorem 2.1 since A1 < A < D . So by Theorem 2.1 and Lemma 3.2, T (α) has exactly
one critical point, a minimum, on (0, D). Applying (3.6), (3.8), (4.4) and (4.6), we obtain that
λˆ =
(
lim
α→0+
T (α)
)p = Cp
k − 1 ∈ (0,∞)
and
λ¯ = ∞ (note that 1< p  2).
So by (3.1) and (3.9), we obtain the exact multiplicity result in this Case (i). Note that, for λ > λ∗ , the ordering of uλ, vλ can
be proved easily; we omit it.
Case (ii). If m > 1, k = 1, then g is of weak Allee effect type by Proposition 4.1(ii). The proof of this Case (ii) is very
similar to that of Case (i), and hence we omit it. Note that the only difference is that λˆ = ∞ by (3.6). Also note that
D = (m − 1)/m by (2.2).
Case (iii). If m > 1, k∗ < k < 1, then g is of strong Allee effect type by Proposition 4.1(iii). The proof of this Case (iii) is
very similar to that of Case (i), and hence we omit it. Note that 1 < p  2, hence limα→γ+ T (α) = ∞ and λ˜ = ∞ by (3.7)
and (4.5).
Case (iv). If m > 1, 0< k k∗ , then we have F (u) < 0 for all u ∈ (0, D] by Proposition 4.1(iv) and (4.3), hence there exists
no positive solution for any λ > 0 by (3.1) and (3.9).
Case (v). The result in this Case (v) follows from Lemma 4.2(iii) directly.
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Case (i). If 0<m 1, k > 1, then g is of logistic type by Proposition 4.1(i). By (3.12) and since g′(u) < 0 on (0,∞),
θ ′(u) = −up g′(u) > 0 on (0,∞),
and hence T (α) is strictly increasing on (0, D) by (3.10). In addition,
λˆ =
(
lim
α→0+
T (α)
)p = Cp
k − 1 ∈ (0,∞)
and
λ¯ = ∞ (note that 1< p  2)
by (3.6), (3.8), (4.4) and (4.6). So by (3.1) and (3.9), we obtain the exact multiplicity result in this Case (i).
Case (ii). If 0<m,k 1, then we have F (u) < 0 for all u ∈ (0, D] by Proposition 4.1(iv), and hence there exists no positive
solution for any λ > 0 by (3.1) and (3.9).
The proof of Theorem 2.2 is now complete. 
Proof of Theorem 2.3. Proof of Part (I):
Case (i). If m,k > 1, then g is of weak Allee effect type by Proposition 4.1(ii). We can prove T (α) has exactly one critical
point, a minimum, on (0, D) by the same arguments in the proof of Theorem 2.2(i). Applying (3.6), (3.8), (4.4) and (4.6), we
obtain that
λˆ =
(
lim
α→0+
T (α)
)p = Cp
k − 1 ∈ (0,∞) (4.11)
and
λ¯ =
(
lim
α→D−
T (α)
)p ∈ (0,∞) (note that p > 2). (4.12)
By Lemma 4.4(i), for any ﬁxed m > 1, Tk,m(D(k,m))Tk,m(0) is a continuous, strictly increasing function of k on (1,∞),
lim
k→1+
Tk,m(D(k,m))
Tk,m(0)
= 0 and lim
k→∞
Tk,m(D(k,m))
Tk,m(0)
∈ (1, c1/p).
So there exists k∗ = k∗(m) > 1 such that
Tk,m(D(k,m))
Tk,m(0)
{
< 1 if 1< k < k∗,
= 1 if k = k∗,
> 1 if k > k∗.
(4.13)
By Lemma 4.4(iii), for any ﬁxed k > 1, Tk,m(D(k,m))Tk,m(0) is a continuous, strictly decreasing function of m on (1,∞). Moreover,
lim
m→1+
Tk,m(D(k,m))
Tk,m(0)
∈ (1,∞), lim
m→∞
Tk,m(D(k,m))
Tk,m(0)
>
(
k − 1
k
)1/p
,
and there exists kˆ ∈ (1, (p + 1)/p) such that
lim
m→∞
Tk,m(D(k,m))
Tk,m(0)
⎧⎨
⎩
< 1 if k ∈ (1, kˆ),
= 1 if k = kˆ,
> 1 if k ∈ (kˆ,∞).
These imply that
Tk,m(D(k,m))
Tk,m(0)
> 1 if k (p + 1)/p, m > 1,
and hence k∗(m) ∈ (1, (p+1)/p) for all m > 1. In addition, k∗(m) is a continuous, strictly increasing function of m on (1,∞),
limm→1+ k∗(m) = 1 and
lim
m→∞k
∗(m) = kˆ =
[
1−
( ∫ 1
0 [
∫ 1
v s
p−1 ds]−1/p dv∫ 1[∫ 1 sp−1(1− s)ds]−1/p dv
)p]−1
∈ (1, (p + 1)/p). (4.14)
0 v
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λ¯(k)
λˆ(k)
=
(
Tk,m(D(k,m))
Tk,m(0)
)p
> lim
m→∞
(
Tk,m(D(k,m))
Tk,m(0)
)p
>
k − 1
k
for 1< k < k∗ (4.15)
and
λ¯(k)
λˆ(k)
=
(
Tk,m(D(k,m))
Tk,m(0)
)p
< lim
k→∞
(
Tk,m(D(k,m))
Tk,m(0)
)p
= c for k > k∗. (4.16)
In addition, by Lemma 4.4(ii), we obtain that λˆ(k) = Cp/(k − 1) and λ¯(k) = (Tk,m(D(k,m)))p are both continuous, strictly
decreasing functions of k on (1,∞),
lim
k→1+
λˆ(k) = lim
k→1+
Cp
k − 1 = ∞, limk→1+ λ¯(k) = limk→1+
(
Tk,m
(
D(k,m)
))p ∈ (0,∞), (4.17)
and
lim
k→∞
λˆ(k) = lim
k→∞
Cp
k − 1 = 0, limk→∞ λ¯(k) = limk→∞
(
Tk,m
(
D(k,m)
))p = 0. (4.18)
So by (3.1), (3.5), (3.9) and (4.11)–(4.18), we obtain the exact multiplicity result and all properties of Case (i)(a)–(e). Note
that the ordering of uλ, vλ can be proved easily; we omit it.
Case (ii)–(v). The proof of Case (ii) (resp. (iii), (iv), (v)) is almost the same as that of Case (ii) (resp. (iii), (iv), (v)) in the
proof of Theorem 2.2, and hence we omit it. Note that the only difference is that λ˜ ∈ (0,∞) in Case (iii) and λ¯ ∈ (0,∞) in
Cases (ii), (iii); we can obtain these easily by (4.5) and (4.6).
Proof of Part (II). The proof of Part (II) is almost the same as that of Part (II) in the proof of Theorem 2.2, and hence we
omit it. Note that the only difference is that λ¯ ∈ (0,∞) in Case (i); we can obtain these easily by (4.6). 
The proof of Theorem 2.3 is now complete.
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